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Constructive localized approximation

of multivariate functions by neural

networks*
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Abstract. In this paper, we discuss a constructive localized approxi-
mation of multivariate functions by generalized translation networks.
Using the idea of B-spline functions, we suggest an approximation
order of multivariate functions by the tensor product of B-spline
functions using the modulus of continuity. Then we show the ap-
proximation possibility of the tensor product of B-spline functions
by generalized translation networks. Finally, we demonstrate our
theory using numerical results.
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1. Introduction

Recently, research on neural network approximation has obtained sig-

nificant interest in a variety of disciplines including mathematics ([2], [3],

[4], [5]). Since the number of neurons required for neural network approxi-

mation grows exponentially with the dimensionality of the domain of target

functions, Chui, Li and Mhaskar [1] suggested a localized approximation to

solve this problem. The explanation for the motivation behind a local-

ized approximation is as follows. When the target functions change over

a small portion of a region, a localized approximation offers the advantage
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of requiring the retraining of neural networks only for that specific region,

rather than for the entire region [8].

In [2], Hahm and Hong suggested a localized neural network approxi-

mation with one hidden layer but the target functions were univariate. In

this paper, we locally approximate continuous multivariate target functions

with compact support by generalized translation networks.

2. Preliminaries

Let s be a natural number. Note that a generalized translation net-

work is of the form
n∑
i=1

ciφ(ai · x + bi),

where φ is a univariate activation function, ai,x ∈ Rs and bi, ci ∈ R. When

F is continuous on [a, b]s, the modulus of continuity of F defined by

Ω(F, t) := sup{|F (x)− F (y)| : ||x− y||∞ ≤ t, x,y ∈ [a, b]s}

satisfies the following for t > 0.

Lemma 1 [7]. For F ∈ C([a, b]s) and t > 0, the modulus of continuity Ω

of F satisfies the followings.

1. (1)] Ω(F, t)→ 0 as t→ 0.

2. (2)] Ω(F, αt) ≤ (α+ 1)Ω(F, t) for α > 0.

For a nonnegative integer m, B-spline function of order m is defined recur-

sively by

Bm(x) =

∫ 1

0

Bm−1(x− t)dt,

where

B0(x) =

{
1, if 0 ≤ x < 1

0, otherwise.
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Note that B2(x) is a continuously differentiable function with compact sup-

port [0, 3]. We denote the tensor product of Bm(x) and Bm(y) by Bm(x, y).

In addition, we set Cc([a, b]
s) := {F | F is continuous on [a, b]s and supp(F ) ⊂

[a, b]s}.

3. Main results

First, we approximate F ∈ Cc([0, 1]2) by a superposition of the tensor

product of B-spline functions and suggest an approximation order using the

modulus of continuity.

Theorem 2. Let F ∈ Cc([0, 1]2) and let Ω be the modulus of continuity of

F . For a given integer n with n ≥ 2 and x, y ∈ [0, 1], we set

Pn(x, y) = n2
n−1∑
i=0

n−1∑
j=0

(∫ j+1
n

j
n

∫ i+1
n

i
n

F (s, t)dsdt

)
B2(nx− i, ny − j). (1)

Then we have

‖F − Pn‖∞,[0,1]2 ≤ Ω(F,
1

n
).

Proof. Let F̃ be a continuous extension of F on [−2, 2]2 with F̃ (x, y) = 0

on [−2, 2]2 − [0, 1]2. Since F̃ is continuous on [−2, 2]2, we have

|F̃ (x)− F̃ (y)| ≤ Ω(F̃ ,
1

n
) = Ω(F,

1

n
) (2)

for any x,y ∈ [−2, 2]2 with ‖x− y‖∞ ≤
1

n
.

Note that ∫ i+1
n

i
n

∫ j+1
n

j
n

F̃ (s, t)dsdt = 0 (3)

for i, j = −3,−2,−1 and

n−1∑
i=−3

n−1∑
j=−3

B2(nx− i, ny − j) = 1 (4)
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by the property of B-spline function. Thus we have, by (2), (3) and (4),∣∣∣F (x, y)− Pn(x, y)
∣∣∣

=
∣∣∣F (x, y)− n2

n−1∑
i=0

n−1∑
j=0

(∫ j+1
n

j
n

∫ i+1
n

i
n

F (s, t)dsdt

)
B2(nx− i, ny − j)

∣∣∣
=

∣∣∣F (x, y)− n2
n−1∑
i=−3

n−1∑
j=−3

(∫ j+1
n

j
n

∫ i+1
n

i
n

F̃ (s, t)dsdt

)
B2(nx− i, ny − j)

∣∣∣
≤ n2

n−1∑
i=−3

n−1∑
j=−3

(∫ j+1
n

j
n

∫ i+1
n

i
n

∣∣F̃ (x, y)− F̃ (s, t)
∣∣dsdt)B2(nx− i, ny − j)

≤ Ω(F,
1

n
)

n−1∑
i=−3

n−1∑
j=−3

B2(nx− i, ny − j)

= Ω(F,
1

n
)

for x, y ∈ [0, 1]. Therefore we complete the proof.

Note that B2(x, y) is a piecewise polynomial of degree 4 on [0, 3]2.

Thus we denote B2(x, y) on Ii × Ij ⊂ [0, 3]2 by

2∑
p=0

2∑
q=0

ai,jp,qx
pyq, (5)

where Ii = [i, i+ 1) and Ij = [j, j + 1) for 0 ≤ i, j ≤ 2. Now, we show that

Pn in (1) is approximated locally on [0, 1]2 by the generalized translation

network.

Theorem 3. Let σ be an infinitely differentiable function on R and let

b ∈ R with σ(n)(b) 6= 0 for all n ∈ N. We set

Qσ,p,q,h(x, y)

=
1

hp+qσ(p+q)(b)

p∑
c=0

q∑
d=0

(−1)p+q−(c+d)
(
p

c

)(
q

d

)
σ(h(cx+ dy) + b)

for h > 0. For a given ε > 0, there exists h > 0 such that the generalized
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translation network given by

Nσ,n,2,h(x, y) = n2
n−1∑
i=0

n−1∑
j=0

(∫ i+1
n

i
n

∫ j+1
n

j
n

F (s, t)dsdt
)

2∑
p=0

2∑
q=0

ai,jp,qQσ,p,q,h(nx− i, ny − j)

satisfies

‖Pn −Nσ,n,2,h‖∞,[0,1]2 < ε,

where ai,jp,q’s are coefficients in (5).

Proof. Note that for h > 0,

Qσ,p,q,h(x, y)

=
1

hp+qσ(p+q)(b)

p∑
c=0

q∑
d=0

(−1)p+q−(i+j)
(
p

c

)(
q

d

)
σ(h(cx+ dy) + b)

represents a divided difference for xpyq on [0, 1]2. Hence we have

n−1∑
i=0

n−1∑
j=0

∣∣∣B2(nx− i, ny − j)

−
2∑
p=0

2∑
q=0

ai,jp,qQσ,p,q,h(nx− i, ny − j)
∣∣∣ ≤ Cσ,nh,

where Cσ,n is a positive constant depending on σ and n.

Since F is continuous on [0, 1]2, there exists M > 0 such that |F (x, y)| ≤M

for all x, y ∈ [0, 1]. We set

Qσ,n,2,i,j,h(x, y) =

2∑
p=0

2∑
q=0

ai,jp,qQσ,p,q,h(nx− i, ny − j). (6)
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By (6), we have ∣∣∣Pn(x, y)−Nσ,n,2,h(x, y)
∣∣∣

≤ n2
n−1∑
i=0

n−1∑
j=0

(∫ j+1
n

j
n

∫ i+1
n

i
n

Mdsdt

)
∣∣∣(B2(nx− i, ny − j)−Qσ,n,2,i,j,h(x, y)

)∣∣∣
= M

n−1∑
i=0

n−1∑
j=0

∣∣B2(nx− i, ny − j)−Qσ,n,2,i,j,h(x, y)
∣∣∣

≤ MCσ,nh

< ε

for sufficiently small h > 0. Thus we complete the proof.

Using Theorem 2 and Theorem 3, we obtain the following result that

is the main theorem of this paper.

Theorem 4. Let σ be an infinitely differentiable function on R and let

b ∈ R be a real number such that σ(n)(b) 6= 0 for all n ∈ N. For a given

ε > 0, the generalized translation network given by

Nσ,n,2,h(x, y)

= n2
n−1∑
i=0

n−1∑
j=0

(∫ i+1
n

i
n

∫ j+1
n

j
n

F (s, t)dsdt
)
Qσ,n,2,i,j,h(x, y)

satisfies

‖F −Nσ,n,2,h‖∞,[0,1]2 ≤ Ω(F,
1

n
),

where ai,jp,q’s are coefficients in (5) and Qσ,n,2,i,j,h is a function in (7).

Proof. Let ε > 0 be given and let Pn be a function in (1). By Theorem 2

and Theorem 3, we have, for sufficiently small h > 0,
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‖F −Nσ,n,2,h‖∞,[0,1]2

≤ ‖F − Pn‖∞,[0,1]2 + ‖Pn −Nσ,n,2,h‖∞,[0,1]2 (7)

≤ Ω(F,
1

n
) + ε.

Since ε > 0 is arbitrary, we finish the proof.

4. Numerical results

In order to verify our results, we provide numerical data generated by

MATHEMATICA. We choose

F (x, y) =

sin
(
π(2x− 1

2
)
)

cos
(
π(2x− 1)

)
, if

1

4
≤ x, y ≤ 3

4

0, otherwise

as the target function.

Note that F ∈ Cc([0, 1]2) and the graph of F on [0, 1]2 is as follows.

Figure 1: F (x, y)

Now, we approximate F by a superposition of the tensor product of

B-spline functions B2(x) and B2(y), where
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B2(x) =



0 if x < 0

x2

2
if 0 ≤ x < 1

1

2
(−2x2 + 6x− 3) if 1 ≤ x < 2

1

2
(x2 − 6x+ 9) if 2 ≤ x < 3

0 if 3 ≤ x.

Figure 2: P32(F )

Figure 2 demonstrates that P32 approximates F closely on [0, 1]2. In

addition, numerical computation shows that the maximum errors between

F and Pn decrease as n increases. Table 1 shows this.

Table 1: Maximum errors between F and Pn

Maximum error n=4 n=8 n=16 n=32
||F − Pn||∞,[0,1]2 0.898679 0.640863 0.350335 0.187611

Now, we choose σ(x) = ex as the activation function of generalized trans-

lation network.

Note that σ(m)(0) = 1 6= 0 for any m ∈ N and Pn is a superposition of

the tensor product of B-spline functions. In order to avoid the round-off

error, we show the approximation of B2(x, y) on [0, 3]2 by a generalized
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translation network to justify the result of Theorem 3. Let

B2(x, y) =

2∑
i=0

2∑
j=0

( 2∑
p=0

2∑
q=0

ai,jp,qx
pyq
)
,

where ai,jp,q’s are coefficients in (5). Then Figure 4 shows that the generalized

translation network

Netσ,2,h(x, y) =

2∑
i=0

2∑
j=0

( 2∑
p=0

2∑
q=0

ai,jp,qQσ,p,q,h(x, y)
)

approximate B2(x, y) on [0, 3]2 closely for sufficiently small h > 0.

Figure 3: B2(x, y)

Table 2 demonstrates that the maximum errors between B2 and Netσ,2,h

decrease as h→ 0.

Table 2: Maximum errors between B2 and Netσ,2,h

Maximum error h=0.1 h=0.01 h=0.001
||B2(·, ·)−Netσ,2,h‖∞,[0,3]2 0.169415 0.0175478 0.00156952

Figure 4: Netσ,2,0.001
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4. Conclusion

We have proved a localized neural network approximation of multi-

variate functions using the tensor product of B-spline functions. In this

study, we expanded a localized neural network approximation to continu-

ous multivariate functions and obtained an approximation order using the

modulus of continuity. We will explore the approximation order of differ-

entiable multivariate functions locally by neural networks in the future.
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